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Reform of Undergraduate Engineering Tripos

Reshaping the Engineering Tripos Part I Reform

Seb Savory

26th June 2025

1 Introduction - The motivation to reform Part I

Having spoken to many of the teaching sta! both with departmental and college roles, it is evident we
need an approach which enables a smooth transition if we are to realise an October 2027 start. Before
discussing what is hopefully a final iteration in terms of structure, I wanted to start by reiterating the
rational for change.

1. To simplify the structure and improve integration: The strength of the department is that
it is one of the few truly integrated engineering departments in the world. The aim is therefore to
create a structure that better lends itself to providing an integrated engineering education which
can remain coherent over the decades to come. To maintain coherence the structure proposes to
have five papers that span the two years of Part I, facilitating better vertical integration. In addition
horizontal integration within a year (IA or IB) would be achieved by having an annual meeting of
those responsible for each paper within a year. Restructuring can also allow for better integration
between lectures and labs (which has been a long running student concern), as well as strengthen
links between departmental and college teaching.

2. To create inspiring experiences: An aim is to kindle the joy and fun of engineering as a vocation
with opportunities for creativity and problem solving as well as theoretical analysis and synthesis.
Laboratory sessions account for more than one third of the scheduled time in the department,
however at present a significant proportion of this is taken up with labs that o!er little opportunity
for creativity and problem solving. The first stage will be to provide explicit linkage between lectures
and labs and over time it is expected just as lecture material evolves so to would the associated
lab. If a lecturer sees that the lab is tired and does not support the lectures, it should of course
be retired or refreshed. In addition to “engineering science” labs at present we have a number of
project activities, including the Structural Design Course, the Integrated Electrical Project, the
Design Challenge (based on Engineers without Borders) and the Integrated Design Project. These
design projects should form a design stream, rather than being isolated puddles of excellence.

3. To refresh the curriculum: When reforming there is an opportunity to refresh the content. This
includes considering what should be retained or moved to Part II but also what are the current gaps
in the educational training of engineers for the 21st century. When the Part I was last changed in
1992, we were ahead of our many other universities by including aspects other than just mathematics
and physics, such as the Engineering in Society lecture series and developing communication skills
in Exposition in the first term. Critical thinking, the art of approximating and model building (e.g.
Fermi problems) are topics we do not currently cover. A refresh also facilitates embracing data
centric engineering approaches, including inference, machine learning and statistical approaches to
engineering design, building on changes in school teaching, with students now meeting conditional
probability at GCSE level and many have studied probability and statistics at A-level.

4. To improve logistics: The timetable has evolved to the point where lunchtime lectures are
commonplace, with the timetable typically changing on a week-by-week basis. In contrast the aim
within a reformed Part I would be for a consistent timetable throughout the year rather than having
papers change timetable slots on a week by week basis. Reforming will also provide an opportunity
to resolve some anomalies within the current Part I, for example the link between lecture hours and
credit. This is most pronounced in the current IB where for example Mechanics has just 16 lectures
(with 4 example papers) but Information Engineering has 75% more lectures, coming in at 28
lectures (with 9 example papers) but both are worth the same amount of credit (via examination).

1

approximately 75% of the cohort took A-levels in Maths and Further Maths), with additional resources
for those with di!erent background (International Baccalaureate, single maths A-level etc.). There is
some appetite with the Maths and Computing Subject Group to explore di!erent modes of delivery, but
lectures hours are included to be indicative of amount of content. Possible structure:

• Calculus (8L), drawing on IA Functions and Complex Numbers, IA Functions of Several Variables,
IA Ordinary di!erential equations (including numerical approaches such as 4th order Runge-Kutta).

• Linear algebra (8L), drawing on IA Vectors, IA Matrices, but to include introducing index notation
to provide a unifying link between vectors and matrices.

• Uncertainty, variability and risk (8L), new content to introduce the engineering context to studying
probability and statistics, covering IA Introduction to probability and elements of IB Probability.

• Mathematics for linear systems (8L), drawing on IA Steps, impulses and linear systems, IA Fourier
series. To include one new lecture on through and across variables to analyse systems.

• Transform methods (8L), based on IB Fourier transforms, IA Laplace transforms, with one new
lecture on using Z-transform (derived from Laplace) to solve di!erence equations.

Paper 3: Electrical and Information Engineering (40L)

• Electronic circuits and devices (16L), based on current IA and IB Analysis of Circuits, but with some
additional details regarding devices such as diodes, photodiodes, LEDs and operational amplifiers.

• Electromagnetics (8L), based on current Physical Principles of Electronics and Electromagnetics

• Information theory (8L), new content, using only discrete probability and only binary matrix cal-
culus, could be seen as a simple illustration of the practical use of these mathematical disciplines in
communications and storage, so could be delivered before probability or linear algebra is covered.
Could broadly cover the 8-lecture “Short Course on Information theory” outlined on page viii of
David MacKay’s “Information Theory, Inference and Learning Algorithms”.

• Digital electronics (8L), based on current IA Digital circuits

Paper 4: Materials and Civil Engineering (40L)

• Materials (16L) based on IA materials but to include but to include 4 lectures on functional ma-
terials, covering the basic electronic, optical and magnetic material properties, e.g. Chapter 10 of
Ashby, Shercli!, and Cebon “Introduction to Materials Science and Engineering: A Design-Led
Approach”.

• Structures and solid mechanics (16L), based on the current IA structures

• Civil and environmental engineering (8L), content to be defined but to cover wider aspects of civil en-
gineering beyond structures and solid mechanics. This could include elements of geo-environmental
engineering (as covered in 3D8) and water engineering (as covered in 3D5), including flow nets as
a graphical method of analysing seepage. Alternatively it could cover elements of building physics,
infrastructure, sustainable construction and materials, soil mechanics or climate change mitigation
for example with the final content to be proposed by the Civil Engineering Subject Group.

Paper 5: Mechanical and Thermofluids Engineering (40L)

• Dynamics (12L), based on the current IA mechanics.

• Mechanical vibrations (4L), picking up on the “Mathematics of Linear Systems” and applying it to
1st order mechanical systems (step and frequency response) and 2nd order mechanical systems with
damping (step and frequency response), based on elements of the current IA Mechanical vibrations.

• Thermodynamics (12L), based on IA thermodynamics.

• Heat transfer (4L), based on IB heat transfer albeit fluid properties contributing to the heat transfer
coe”cient h to be deferred to later in the Tripos.

• Fluid mechanics (8L), based on IA fluid mechanics

4
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Elements of Information Theory

Shannon’s Source Coding Theorem
Entropy is the lower bound for compressing a data source

Shannon’s Channel Coding Theorem
Capacity is the supremum of information rates at which
data can be transmitted with arbitrary reliability over a
channel

Both of these and a few more things are currently taught in our
3rd year course

3F7: Information Theory and Coding
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3F7 proof of the Source Coding Theorem

H(X )→ L =
∑

i

pi log2(
1/pi)→

∑

i

piωi

=
∑

i

pi log2
2→

ωi

pi

=
1

ln 2

∑

i

pi ln
2→

ωi

pi

(a)

↑
1

ln 2

∑

i

pi

(
2→

ωi

pi

→ 1

)

=
1

ln 2

(∑

i

2→
ωi →

∑

i

pi

)

(b)

↑ 1→ 1 = 0.

In the above chain of inequ
alities, (

a) is ob
tained using the

inequali
ty ln(x) ↑ x → 1, for al

l x > 0.

(b) is d
ue to Kraft’s

inequali
ty.
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3F7 proof of the Channel Coding Theorem

3F7: In
formation Theory

and Coding

Handou
t 7: Th

e Channe
l Codin

g Theorem

Ramji Venka
taramanan

Signal P
rocessin

g and Communicatio
ns Lab,

CUED

rv285@
cam.ac

.uk

Michaelm
as Term

2024
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Definiti
on of a Channe

l Code

W
Encode

r
DMC PY |X

Xn

Decode
rYn Ŵ

We use the channe
l n times to transmit k information bits.

▶ We can think of each
sequenc

e of k-bit
s as ind

exing a

“message”
W in the set {1, . . . ,

2k }.

Thus k
bits ←→ 2k messages

.

▶ The rate R of the code is R =
k
n
bits/tra

nsmission.
Then the

total nu
mber of m

essages
is 2

k = 2n
R .

An (n, k) c
hannel

code of rate
R for the

channe
l (X ,Y,PY |X)

consists
of:

1. A set of m
essages

{1, . . . , 2
k = 2n

R }

2. An encodin
g function

Xn : {1, . . . , 2
nR } → X

n that as
signs a

codewo
rd to each message.

The set of c
odewor

ds

{Xn (1), . . .
,X

n (2
nR )} is called

the codebo
ok

3. A decodin
g function

g : Yn → {1,
. . . , 2

nR }, which produce
s a

guess o
f the transmitted message

for each
received

vector. 2 / 33

Preview
of the C

hannel
Coding

Theorem

0

0.9 0

X

0.1

1 0.9

1

Y

0.1

For intu
ition, le

t us sta
rt with

the BSC(0.
1):

▶ For inp
ut sequ

ence Xn , the output
Yn is gener

ated as

Yi = Xi ⊕ Ei
for i =

1, . . . , n

▶ E1, . . .
,En i.i.d ∼ Bernou

lli(0.1)
is the sequenc

e of error
s

introdu
ced by the channe

l (⊕ denotes
modulo-t

wo addition
)

▶ For larg
e n, the

number of o
nes in (E1, . . .

,En) ≈ 0.1n (AEP)

How big is the set of Y
n sequenc

es “typ
ical” with any given Xn?

Ans: ≈ 2n
H2(0.1

)

3 / 33

Set of a
ll Y

n seqs. (2
n )

Yn seqs. ty
pical

with Xn (1) (≈ 2n
H2(0.1

))

Xn (1)

Xn (2)

▶ The high-pr
obabilit

y set of t
ypical Y

n sequenc
es for a

given

Xn (1) is m
uch smaller th

an 2n

▶ Pick Xn (2) “far
enough

” away from Xn (1).

▶ Then the typical
set of Y

n ’s for X
n (2) is n

on-inte
rsecting

with

the typical
set for

Xn (1).

▶ Number of d
istinct m

essages
we can transmit = max. num

ber

of non-
intersec

ting sets (si
milar to noisy keyboar

d channe
l).

2n
R ≈

2n

2nH2(0.1
)
⇒ Rate R ≈ 1− H2(0.1

)
4 / 33

The ide
a for a general

DMC . . .

Fix an input p
mf PX . To

gether
with the channe

l PY |X , th
is gives

PXY
= PXPY |X ,

PY =
∑

x

PXPY |X .

If X
n (1),X

n (2), . . .
,X

n (2
nR ) are generat

ed i.i.d ∼ PX , th
en:

– When Xn (j) is tr
ansmitted, th

e set of h
ighly likely Yn ’s has

approxi
mately 2n

H(Y |X ) sequenc
es for e

ach j ∈ {1, . . . ,
2n

R }

– These sets are
non-int

ersectin
g with high probabi

lity

≈ 2n
H(Y ) typical

Yn seqs.

≈ 2n
H(Y |X ) seqs.

typical
with Xn (1)

Xn (1)

Xn (2)

Rate R ≈ H(Y )− H(Y |X )

5 / 33

Joint ty
picality

– A Motivatin
g Example

Let (X
n ,Y

n ) be drawn i.i.d. ac
cording

to the followin
g joint pm

f:

Y

PXY
0 1

X
0 0.4 0.1

1 0.1 0.4

Pr(X
n = xn ,Y

n = y
n ) =

n∏

i=1

PXY
(xi , yi),

for all (
xn , y

n ).

Note that PX(0)
= PX(1)

=
1
2
, PY (0)

= PY (1)
=

1
2
.

For larg
e n, what

can we say about t
he sequenc

es (X
n ,Y

n )?

E.g.
X
n = 0 0 1 0 1 1 1 0 1 0 1 0 0 1 0

Y
n = 0 1 1 0 1 1 0 0 1 0 1 1 0 1 0

▶ Xn and Yn will eac
h have approxi

mately 50% ones.

▶ The number of (
Xi ,Yi) pa

irs that
are (0, 0), (

0, 1),(1
,0), (1,

1)

will be
close to .4n, .1n

, .1n, .4
n, respe

ctively.
6 / 33

Joint T
ypical S

et

The set
Aϵ,n

of joint
ly typical

sequenc
es {(x

n , y
n )} with respect

to a joint

pmf PXY
is defin

ed as

Aϵ,n
=

{
(x

n , y
n ) ∈ X

n × Yn such that

∣∣−1
n
logPX(x

n )− H(X )
∣∣ < ϵ,

∣∣−1
n
logPY (y

n )− H(Y )
∣∣ < ϵ,

∣∣−1
n
logPXY (x

n , y
n )− H(X ,Y )

∣∣ < ϵ
}

where PXY (x
n , y

n ) =
∏n

i=1
PXY (xi

, yi).

Aϵ,n(PY ), t
he typical

Y -sequen
ces

Aϵ,n(PX ), t
he typical

X -sequen
ces

The dots ar
e Aϵ,n(PXY

),

the jointly
typical

(x
n , y

n )

7 / 33

The Joi
nt AEP

Let (X
n ,Y

n ) be a pair of
sequenc

es draw
n i.i.d. ac

cording
to PXY

,

i.e.,

Pr(X
n = xn ,Y

n = y
n ) =

n∏

i=1

PXY
(xi , yi),

for all (
xn , y

n )

Then for any
ϵ > 0:

1. Pr((X
n ,Y

n ) ∈ Aϵ,n)→ 1 as n→∞

2. |Aϵ,n| ≤ 2n
(H(X ,Y )+ϵ)

3. If (X̃
n , Ỹ

n ) are a pair of
sequenc

es draw
n i.i.d. ac

cording
to

PXPY [i.e., X̃
n and Ỹn are indepen

dent wi
th the same

marginals
as PXY

], then

Pr((X̃
n , Ỹ

n ) ∈ Aϵ,n) ≤ 2−
n(I (X ;Y )−3ϵ)

8 / 33

Proof o
f Joint

AEP

Claim 1:

When (X
n ,Y

n ) are generat
ed i.i.d. ac

cording
to PXY

,

Pr

(∣∣∣∣−
1

n
logPX(x

n )− H(X )

∣∣∣∣< ϵ

)
→ 1 as n→∞,

Pr

(∣∣∣∣−
1

n
logPY (y

n )− H(Y )

∣∣∣∣< ϵ

)
→ 1 as n→∞,

Pr

(∣∣∣∣−
1

n
logPXY

(x
n , y

n )− H(X ,Y )

∣∣∣∣< ϵ

)
→ 1 as n→∞.

The proof o
f the above is very

similar to that of
the AEP in

Handou
t 2 and follows

from the WLLN. T
hus

Pr((X
n ,Y

n ) ∈ Aϵ,n)→ 1 as n→∞.

9 / 33

Claim 2:

We have

1 =
∑

xn ,y
n

PXY
(x

n , y
n )

≥
∑

(xn ,y
n )∈Aϵ,n

PXY
(x

n , y
n )

(a)

≥
∑

(xn ,y
n )∈Aϵ,n

2−
n(H(X ,Y )+ϵ)

= 2−
n(H(X ,Y )+ϵ) |Aϵ,n|

Hence |An,ϵ| ≤ 2n
(H(X ,Y )+ϵ) . (Inequ

ality (a) follo
ws from

the

definitio
n of the typical

set.)

10 / 33

Proof o
f Joint

AEP contd.

Claim 3:

If X̃
n and Ỹn are indepen

dent bu
t have

the same marginals
as X

n

and Yn , respec
tively, t

hen

Pr((X̃
n , Ỹ

n ) ∈ Aϵ,n) =

∑

(xn ,y
n )∈Aϵ,n

PX(x
n )PY (y

n )

≤ 2n
(H(X ,Y )+ϵ) · 2−n(H(X )−ϵ) · 2−n(H(Y )−ϵ)

= 2−
n(I (X ;Y )−3ϵ) .

|Aϵ,n(PY )| ≈ 2n
H(Y )

|Aϵ,n(PX )|

≈ 2n
H(X )

|Aϵ,n(PXY
)|

≈ 2n
H(X ,Y )

11 / 33

The Pro
bability

of Error
of a Code

W
Encode

r
DMC PY |X

Xn

Decode
rYn Ŵ

Recall
that a length-

n code of rate R for the channe
l

(X ,Y,PY |X) co
nsists o

f:

1. A codebo
ok of code

words f
or messages

{1, . . . , 2
nR },

2. An encodin
g function

, and

3. A decodin
g function

.

The maximal proba
bility of error

of the code is defin
ed as

max
j∈{1,...,2

nR }
Pr(Ŵ ̸= j |W = j)

The average
probabi

lity of error
of the code is

1

2nR

2n
R∑

j=1

Pr(Ŵ ̸= j |W = j)

W and Ŵ denote
the transmitted, a

nd decoded
messages

respect
ively.

12 / 33

The Ch
annel C

oding Theorem

W
Encode

r
DMC PY |X

Xn

Decode
rYn Ŵ

Theorem

“For a
DMC with capacit

y C, all rat
es less

than C are achieva
ble.”

Specific
ally,

1. Fix R < C and pick any ϵ > 0. Then
, for all

sufficiently
large

n there exists a
length-

n code of rate
R with maximal

probabi
lity of error

less tha
n ϵ.

2. Convers
ely, any

sequenc
e of lengt

h-n codes o
f rate R with

average
/maximal proba

bility of error
P
(n)
e
→ 0 as n→∞

must hav
e R ≤ C.

13 / 33

Proof o
f the Co

ding Theorem

We will firs
t prove

achieva
bility of all ra

tes R < C (the first pa
rt).

Codebo
ok Generat

ion:

▶ Fix rate R < C and input p
mf PX . W

e generat
e each of the

2n
R codewo

rds inde
penden

tly accordi
ng to the distribu

tion

Pr(X
n (k) = (x1, . . .

, xn)) =

n∏

i=1

PX(xi)
for k = 1, . . . , 2

nR .

▶ We can think of the codebo
ok B as a 2n

R × n matrix:

B =




X1(1)
X2(1)

. . . Xn(1)

X1(2)
X2(2)

. . . Xn(2)

...

...
. . .

...

X1(2
nR ) X2(2

nR ) . . . Xn(2
nR )




▶ Each entry in the matrix is chose
n i.i.d accordi

ng to PX . T
he

probabi
lity that we

generat
e a particul

ar code
book

{
xn (1), .

. . , x
n (2

nR )
}

is
∏2n

R

w=1

∏n
i=1

PX(xi(
w)) 14 / 33

Encodin
g

W
Encode

r
DMC PY |X

Xn

Decode
rYn Ŵ

1. A codebo
ok B is gener

ated as desc
ribed previou

sly. Th
e

codebo
ok is revea

led to both sender
and receiver

, who also

know the channe
l transit

ion matrix PY |X .

2. To transmit message
W , the encoder

sends X
n (W ) over t

he

channe
l.

3. The receiver
receives

a sequenc
e Yn generat

ed accordi
ng to

n∏

i=1

PY |X(Yi | Xi(W ))

(1)

4. From Yn , the receiver
has to

guess w
hich message

was sen
t.

How?

▶ Assuming a uniform
prior on

the messages
, the optimal

decodin
g rule is max-likeli

hood decodin
g: deco

de the message

Ŵ that maximises (1)
.

▶ But we
’ll use joint ty

pical de
coding,

which is easie
r to analyse 15 / 33

Joint T
ypicality

Decode
r

The decoder
declares

that th
e message

Ŵ was sen
t if bot

h the

followin
g conditio

ns are satisfied
:

▶ (X
n (Ŵ ),Y

n ) is join
tly typical

with respect
to PXPY |X .

▶ There exists n
o other m

essage
W

′ ̸= Ŵ such that

(X
n (W

′),Y
n ) is join

tly typical.

If no such Ŵ is found
or there

is more than one such, a
n error is

declared
.
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Analysin
g the probabi

lity of error

Average
s, and more average

s . . .

▶ The average
probabi

lity of error
for a given codebo

ok B is

1

2nR

2n
R∑

w=1

Pr(Ŵ ̸= w | B,W = w)
(2)

▶ Analysi
ng this for

a specific
codebo

ok is hard.
So we will

calculat
e the average

of (2) o
ver all c

odeboo
ks, i.e.,

P̄e =
1

2nR

∑

B

2n
R∑

w=1

Pr(Ŵ ̸= w | B,W = w)Pr(B).

P̄e =
1

2nR

2n
R∑

w=1

∑

B
Pr(Ŵ ̸= w | B,W = w)Pr(B).

▶ Recall t
hat Pr(

B) is the probabi
lity corresp

onding
to picking

each symbol of B i.i.d. ∼ PX .

▶ Since all the
messages

are equally
likely, w

e can assume that

the first message
is the transmitted one. Th

us

P̄e =
∑

B
Pr(Ŵ ̸= 1 | B,W = 1)Pr(B). 17 / 33

Error A
nalysis

Assuming W = 1 was tra
nsmitted, th

ere are two sources
of error

:

1. Xn (1) is n
ot joint

ly typical
with the output

Yn

2. Xn (k) is j
ointly typical

with Yn for som
e k ̸= 1.

(Note:
The joint ty

picality
is with

respect
to PXY

)

▶ Let Ek be the event t
hat X

n (k) and
Yn are jointly

typical.

▶ Then: P̄e = P(E
c
1
∪ E2 ∪ . . . ∪ E2nR

)

≤ P(E
c
1 ) +

P(E2) + . . .+ P(E2nR
)

1) Show
ing P(E

c
1 ) is

small:

▶ Recall X
n (1) i.i.d

. ∼ PX .

▶ The channe
l genera

tes Y
n symbol by symbol acc

ording
to

PY |X(Yi | Xi(1))
for i =

1, . . . , n
.

▶ Therefo
re (X

n (1),Y
n ) is gen

erated
i.i.d ∼ PXPY |X

▶ Joint A
EP implies th

at P(E
c
1
) ≤ ϵ for su

fficiently
large n

18 / 33

2) Show
ing P(E2) + . . .+ P(E2nR

) is small:

For k ̸= 1:

▶ Xn (k) was
generat

ed indepen
dently from Xn (1), and

Yn is

obtaine
d by passing

Xn (1) thro
ugh the channe

l.

▶ Hence Xn (k) and
Yn are indepen

dent fo
r k ̸= 1.

▶ Further
, X

n (k) is i.
i.d. ∼ PX , an

d Yn is i.i.d.
∼ PY .

▶ From the Joint A
EP, the

probabi
lity that X

n (k) and
Yn are

jointly
typical

accordi
ng to PXY

is ≤ 2−n(I (X ;Y )−3ϵ) .

⇒ P(E2) + . . .+ P(E2nR
) ≤ (2

nR − 1) 2
−n(I (X ;Y )−3ϵ)

Putting
the two parts to

gether:

P̄e ≤ P(E
c
1 ) +

P(E2) + . . .+ P(E2nR
)

≤ ϵ+ 2n
R 2−

n(I (X ;Y )−3ϵ)

(a)

≤ ϵ+ ϵ

(a) is t
rue when R < I (X ;Y )− 3ϵ and

n is sufficiently
large. 19 / 33

So far, we
have shown that:

For any
ϵ > 0, when

R < I (X ;Y )− 3ϵ, the
probabi

lity of error

average
d over all

messages
and all code

books i
s small, i.e.,

P̄e =
1

2nR

2n
R∑

w=1

∑

B
Pr(Ŵ ̸= w | B,W = w)Pr(B) ≤ 2ϵ

Final S
teps:

1. Choose
PX to be one that maximises I (X

;Y ).

2. Get rid
of avera

ge over co
debook

s: As P̄e ≤ 2ϵ, ther
e exists

at least
one codebo

ok B∗ with

Pe(B
∗ ) =

1

2nR

2n
R∑

w=1

Pr(Ŵ ̸= w | B
∗ ,W = w) ≤ 2ϵ

3. Throw
away the worst h

alf of th
e codewo

rds in B
∗ : For B

∗ ,

the probabi
lity of error

average
d over all

messages
is ≤ 2ϵ.

Thus th
e proba

bility of error
must be ≤ 4ϵ for a

t least h
alf the

messages
.

20 / 33

The Fin
al Code

▶ The number of c
odewor

ds in this improved
version

of B∗ is

2n
R /2. Its

rate is
log(2

nR /2)

n
= R −

1

n
.

▶ Since R is any rate less tha
n C − 3ϵ, we

have shown
the

existenc
e of a code with rate

C − 4ϵ−
1

n

whose maximal proba
bility of error

satisfies

max
w

Pr(Ŵ ̸= w |W = w) ≤ 4ϵ

▶ Since ϵ > 0 is an arbitrar
y constan

t, we have shown that for

any R < C, for su
fficiently

large n there exists a
code with

arbitrar
ily small maximal error

probabi
lity.

This pr
oves th

e first pa
rt of th

e channe
l coding

theorem
.
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Summary

Key ideas in
the proof o

f achiev
ability:

▶ Allow an arbitrar
ily small but

non-zer
o probabi

lity of error

▶ Use the channe
l many times in success

ion, so
that th

e law of

large numbers co
mes into

effect (
large n)

▶ Random
Coding

: Calcu
late the average

probabi
lity of error

over a random
choice

of code
books,

which can then be used

to show the existenc
e of at le

ast one
good code

Proof o
f conve

rse (nex
t hando

ut)

To show that we
cannot

achieve
rates >

C, need two new tools:

▶ Data Process
ing Inequal

ity

▶ Fano’s
Inequal

ity 22 / 33
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Data Process
ing and Mutual In

formation

X
PY |X

Y
Process

or
Z

Random
variable

s X ,Y ,Z are said to form a Markov chain if

their jo
int pmf can be written

as

PXYZ
= PXPY |XPZ |Y .

In other w
ords, th

e conditio
nal dist

ribution
of Z given (X ,Y )

depend
s only on Y , i.e., PZ |XY = PZ |Y .

Markov chains
often occur in

enginee
ring problem

s, e.g.,

1. Y is a noisy version
of X , and Z = f (Y ) is an

estimator of
X

based only on Y

2. The output
of the X → Y channe

l is fed
into the Y → Z

channe
l.

Data-P
rocessin

g Inequal
ity

If X − Y − Z form a Markov chain, t
hen I (X ;Y ) ≥ I (X ;Z ).

Proof:
Q.5, Ex

amples Pa
per 2.

“Proces
sing the data Y cannot

increase
the information about X

” 24 / 33

Fano’s
inequali

ty

X
PY |X

Y
Estimator

X̂ = g(Y )

▶ We want to
estimate X by observin

g a correlat
ed random

variable
Y

▶ The probabi
lity of error

of an estimator X̂
= g(Y ) is

Pe = Pr(X̂ ̸= X )

▶ Given X takes v
alues in

the set X , we wish to bound
Pe

Fano’s
Inequal

ity

For any
estimator X̂

such that X
− Y − X̂ , the probabi

lity of error

Pe = Pr(X̂ ̸= X ) satisfi
es

1 + Pe log |X |
≥ H(X |X̂ ) ≥ H(X |Y ) or Pe ≥

H(X |Y )− 1

log|X |
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Proof o
f Fano

▶ Define
an error ra

ndom variable

E =

{
1 if X̂ ̸= X

0 if X̂ = X

▶ Use chain rule to expand
H(E ,X |X̂ ) in two differen

t ways:

H(E ,X |X̂ ) = H(X |X̂ ) + H(E |X , X̂ )

= H(E |X̂ ) + H(X |X̂ ,E )

(3)

Claims:

1. H(E |X , X̂ ) = 0. (bec
ause E is a function

of (X , X̂ ))

2. H(E |X̂ ) ≤ H(E ) = H2(Pe). (c
ondition

ing can only reduce
H)

3. H(X |X̂ ,E ) ≤ Pe log|X | b
ecause

H(X |X̂ ,E ) = Pr(E = 0)H(X |X̂ ,E = 0) + Pr(E = 1)H(X |X̂ ,E = 1)

≤ (1− Pe) 0 +
Pe log|X |

Using the three claims in (3), we
get . . .
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X
PY |X

Y
Estimator

X̂ = g(Y )

H(X |X̂ ) ≤ H2(Pe) + Pe log|X |

Note that H2(Pe) ≤ 1. Ther
efore

H(X |X̂ ) ≤ 1 + Pe log|X |.

We have proved
one side of Fano

.

For the
other si

de, the
data-pr

ocessin
g inequal

ity tells us
that

I (X ;Y ) = H(X )− H(X |Y ) ≥ I (X ; X̂ ) = H(X )− H(X |X̂ )

Thus H
(X |X̂ ) ≥ H(X |Y ).

27 / 33

Back to the cha
nnel co

ding problem
. . .

W
Encode

r
DMC PY |X

Xn

Decode
rYn Ŵ

Fano’s
Inequal

ity applied
to a channe

l code:

▶ Conside
r a length

n, rate
R channe

l code,
i.e., 2

nR codewo
rds

▶ Ŵ is a guess o
f W based on Yn

▶ W uniform
ly distribu

ted in {1, . . . , 2
nR }

▶ Pe = Pr(Ŵ ̸= W ) =
1
2nR

∑2n
R

k=1
Pr(Ŵ ̸= k|W = k)

Fano’s
inequal

ity applied
to this pro

blem gives:

H(W |Ŵ ) ≤ 1 + Pe log 2
nR = 1 + Pe nR

We will use
this to

show that an
y sequenc

e of (2
nR , n) cod

es with

Pe → 0 must hav
e R ≤ C. 28 / 33

A Little Lemma

Let Y
n be the result o

f passin
g a sequenc

e Xn through
a DMC of

channe
l capac

ity C. Then
I (X

n ;Y
n ) ≤ nC

regardle
ss of th

e distribu
tion of X

n .

Proof : I (X
n ;Y

n ) = H(Y
n )− H(Y

n |Xn )

= H(Y
n )−

n∑

i=1

H(Yi |Yi−1, . . .
,Y1,X

n )

(a)
= H(Y

n )−
n∑

i=1

H(Yi |Xi)

(b)

≤
n∑

i=1

H(Yi)−
n∑

i=1

H(Yi |Xi)

=

n∑

i=1

I (Xi ;Yi)
(c)

≤ nC. 29 / 33

Justific
ation for step

s (a)− (c):

(a) The channe
l is assu

med to be memoryless.
This m

eans th
at

given Xi , Yi is c
ondition

ally indepen
dent of

everyth
ing else.

(b) We have

H(Y
n ) = H(Y1) + H(Y2|Y1) + . . .+ H(Yn|Yn−1, . . .

,Y1)

≤ H(Y1) + H(Y2) + . . .+ H(Yn)

as cond
itioning

can only reduce
entropy

.

(c) From the definitio
n of capa

city, C is the maximum of I (X ;Y )

over all
joint pm

fs over
(X ,Y ) where

PY |X is fixed
by the

channe
l.
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The Co
nverse (Part 2

of the Channe
l Codin

g Theorem
)

Conside
r any (2

nR , n) cha
nnel co

de with average
probabi

lity of

error Pe. W
e have:

nR
(a)
= H(W )

(b)
= H(W |Ŵ ) + I (W ; Ŵ )

(c)

≤ 1 + PenR + I (W ; Ŵ )

(d)

≤ 1 + PenR + I (X
n ;Y

n )

(e)

≤ 1 + PenR + nC.

This im
plies: Pe ≥ 1−

C
R
−

1

nR

Thus, u
nless R

≤ C, Pe is boun
ded away from 0 as n→∞.
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Justific
ation for step

s (a)− (e):

(a) W is unifo
rm over {1, . . .

, 2
nR }

(b) I (W ; Ŵ ) = H(W )− H(W |Ŵ )

(c) Fano applied
to H(W |Ŵ ) (see Slide 6)

(d) Data process
ing inequal

ity applied
to W − Xn − Yn − Ŵ .

(e) From the lemma on Slide 7
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Summary

C is a sharp thresho
ld:

▶ For all
rates R

< C, there
exists a

sequenc
e of (2

nR , n) cod
es

whose Pe → 0.

▶ For R > C, you cannot
find a sequenc

e of (2
nR , n) cod

es

whose Pe → 0.

Given a channe
l, does

the channe
l coding

theorem
give a practica

l

techniq
ue to communicate

reliably
at any

rate R < C?

No! Becaus
e

1. Joint ty
pical de

coding
is too complex to be feasible

2. An 2n
R × n codebo

ok too large to store

In the last par
t of the

course
(hando

uts 10-
12), we

will lear
n how

to design
good channe

l codes
with

▶ Compact co
debook

represen
tation

▶ Fast en
coding

and decodin
g algorith

ms

33 / 33
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The issue with channel coding

a general proof of the channel coding theorem is quite long
it has a direct and a converse part
it requires advanced concepts such as typicality, maximum
likelihood decision, union and other bounds…

It’s impractical for a 1st year course because:
the maths are too advanced
it’s hard to get a solid intuition from the proof
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The binary erasure channel

0

1

0

erasure

1

1 − p

p
p

1 − p

Capacity: C = 1 − p
For any rate R = 1 − p − ε with ε > 0, arbitrary reliability
can be achieved
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Random linear coding

[x1, x2, . . . xN] = [u1, . . . , uK]

0 1 1 0 0 1 0 1
1 0 0 1 1 0 1 0
1 0 0 1 1 0 0 1


this is binary arithmetic (over GF(2)): 1 + 1 = 0
rate R = K/N
K < N, codeword longer than info, code adds redundancy
code design: intelligent (e.g. Hamming code) or random
coding: just pick a random binary matrix
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Matrix inversion decoding

[0, ?, 1, ?, ?, ?, 1, 0] = [u1,u2,u3]

0 1 1 0 0 1 0 1
1 0 0 1 1 0 1 0
1 0 0 1 1 0 0 1



[0, 1, 1, 0] = [u1,u2,u3]

0 1 0 1
1 0 1 0
1 0 0 1


there are L non-erased positions, where L ∼ B(N, 1 − p) is a
random variable
does the resulting K × L matrix have rank K?
if yes: the information can be decoded
if no: the information cannot be decoded for sure
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does the resulting K × L matrix have rank K?
if yes: the information can be decoded
if no: the information cannot be decoded for sure
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Probability of success given L

assume random coding, and L non-erased symbols
probability of success = probability that a random K × L
matrix has rank K
if L < K, P(success)= 0
if L ≥ K, this is a counting problem
there are 2K×L binary matrices. Which ones of them have
full rank?
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Counting full rank matrices

1 × L
L︷                     ︸︸                     ︷

[ − − − . . . − ]

2L − 1

2 × L [ − − − . . . − ] 2L − 2

3 × L [ − − − . . . − ] 2L − 4

...

In conclusion

#(full rank K × L matrix) =
K−1∏
ℓ=0

(2L − 2ℓ)
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Probability of full rank matrix

P(full rank K × L random matrix) =
∏K−1
ℓ=0 (2L − 2ℓ)

2K×L

=
K−1∏
ℓ=0

(1 − 2ℓ−L)

=
L∏

ℓ=L−K+1
(1 − 2−ℓ)
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The magic number

If L = K,

P(full rank K ×K random matrix) =
K∏
ℓ=1

(1 − 2−ℓ)

=
1
2 ·

3
4 ·

7
8 ·

15
16 ·

31
32 · · ·

= 0.288788095086602 . . .
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Proving convergence and bounds on the magic number

Engineering

FIRST YEAR

Part IA Module IT: Information Theory

Examples Paper 2

Elementary exercises are marked †. Problems of Tripos standard are marked ∗.

Answers can be found at the back of the paper.

1. In lectures, we proved that the probability PFR(N) that a random N×N binary matrix

is invertible is PFR(N) =

N∏

k=1

(1− 2−
k ).

Attempting to fully analyse the limit of this product as N goes to infinity would lead us

down a rabbithole of advanced mathematics involving concepts such as Euler’s function,

q-Pochhammer symbols, and the pentagonal number theorem. This is unnecessary and

beyond the scope of our course. In this question, we will explore upper and lower bounds

for the limit that suffice to satisfy our requirements.

(a) Consider the power series of ln(1 + z) in the Mathematics Data Book, and explain

why, for a non-negative real number x ≥ 0, the following holds

x−
x2

2
≤ ln(1 + x) ≤ x

(1)

ln(1− x) ≤ −x−
x2

2
≤ −x

(2)

with equality in all inequalities if and only if x = 0.

Hint: it is helpful to visualise the function and its bounds in Python. A “proof by

curve-drawing” is sufficient for this question.

(b) Consider the logarithm of PFR(∞) and use the inequality ln(1 − x) ≤ −x that

follows from (??) to show that

PFR(∞) ≤
1

e
= 0.36788

(c) Similarly, use the inequality ln(1− x) ≤ −x− x2/2 to obtain the improved bound

PFR(∞) ≤ e−
1−1

6 = 0.3114

(d) The method in the previous question can be extended using further terms in the

power series of ln(1− x) to obtain ever closer upper bounds of the form

PFR(∞) ≤ e
−
∑N

k=1
1
k
· 1

2k−1

where the upper bounds converge to PFR(∞) as N tends to infinity by virtue of

the convergence of the power series to ln(1− x), but the convergence is fairly slow.

That’s because for all power series expansion, the loosest values of the inequality

1

are the initial values 2−
1 , 2−

2 , 2−
3 . It’s easy to obtain bounds that converge faster

using the original inequality ln(1 − x) ≤ −x by using exact values for these initial

terms. Show that the following bound can be obtained this way

PFR(∞) ≤ eln
(1/2)+

ln(3/4)
+ln(7/8)

−2+1+
1
2
+

3
4
+

7
8 = 0.2896

(e) Lower bouds are harder to obtain than upper bounds. Were our expression based

on ln(1+x), we could use the alternate terms of the power series to obtain lower as

well as upper bounds, but since our expression is based on ln(1− x) this approach

yields only upper bounds. For a lower bound, we have to use a trick. Consider the

expression ln(1− x) ≥ −x− α
x2

2
.

(3)

For any given α > 1, this expression is valid for certain values of x. All the values

of x that we’re interested in lie in the interval [0, 1/2].
Show that (??) holds over

the interval of interest for α = 2 (a “proof” by plotting the curve is sufficient) and

hence show the lower bound

PFR(∞) ≥ e−
1−1/3 = 0.2660

This bound can be improved using the techniques used in the previous question and

optimising for α.

(f) Finally show that PFR(N) > PFR(N + 1).

This, together with the lower bound proved in the previous question shows that the

limit exists: any decreasing lower bounded sequence must have a limit.

2
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The magic number

If L > K,

P =
K∏

ℓ=L−K+1
(1 − 2−ℓ)

= 0.288788095086602 · 21 ·
4
3 · · · (1 − 2L−K)−1

this goes to 1 exponentially as L −K increases
for a given target reliability ε, there exists an L for which

P(full rank K × L random matrix) > 1 − ε

for all N > L.
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